Methods

LP and simplex algorithm

What is LP

Generally speaking, all problems with linear objective and linear equalities\inequalities

constraints could be considered as Linear Programming. However, there are some

widely accepted formulations.

X > Ll >LD

minc' 'z 7
rER™

s.t. Ax < b

’go ()K> = CXZ LGX> =

= 24X
(P .Basic)

Sr)L

R

‘?60: iCLXi
i=t ng (Z
v‘X—: O

for some vectorsc € R"?, b € R
interpreted component-wise.

Standard form
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This form seems to be the most intuitive and geometric in terms of visualization. Let us
have vectors ¢ € R", b € R™ and matrix A € R™*",
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Canonical form

minc x
zeR"™
s.t. Az < b (LP.Canonical)
x; >0,1=1, )
Real world problems
Diet problem
Imagine, that you have to construct a diet plan from some set of products: ¢ = g

@« . Each of the products has its own vector of nutrients. Thus, all the food information
could be processed through the matrix W. Let also assume, that we have the vector of

requirements for each of nutrients r € R". We need to find the cheapest configuration
of the diet, which meets all the requirements:
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Basic transformations

Inequality to equality by increasing the dimension of the problem by m.
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unsigned variables to nonnegative variables.
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Chebyshev approximation problem
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|dea of simplex algorithm

The Simplex Algorithm walks along the edges of the polytope, at every corner

T

choosing the edge that decreases ¢ ' £ most

This either terminates at a corner, or leads to an unconstrained edge (—oo
optimum)
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We will illustrate simplex algorithm for the simple inequality form of LP:

minec'

z€R" (LP.Inequality)
s.t. Ax < b

Definition: a basis B is a subset of n (integer) numbers between 1 and m, so that
rank A g = n. Note, that we can associate submatrix A g and corresponding right-
hand side by with the basis B. Also, we can derive a point of intersection of all these
hyperplanes from basis: g = Agle.

If Azg < b, then basis B is feasible.

A basis B is optimal if x g is an optimum of the LP.Inequality.

\
B =3, 5]
unfeasible basis

Since we have a basis, we can decompose our objective vector ¢ in this basis and find
the scalar coefficients Ap:

ApAp=c' < Ap=cTAg

Main lemma

If all components of A g are non-positive and B is feasible, then B is optimal.
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dz* : Az* < b,c'z* < c'zp
Apz* < bp
ApApz* > A\pb
BABY = ApUB
c'z* > A\pApzp

c'z*>clzp

Changing basis
Suppose, some of the coefficients of A g are positive. Then we need to go through the
edge of the polytope to the new vertex (i.e., switch the basis)

rp = xp+ pud = AZg}bB’

Finding an initial basic feasible solution

Let us consider LP.Canonical.

minc' x
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The proposed algorithm requires an initial basic feasible solution and corresponding
basis. To compute this solution and basis, we start by multiplying by —1 any row ¢ of
Ax = bsuch that b; < 0. This ensures that b > 0. We then introduce artificial
variables z € R™ and consider the following LP:

min 17z
z€R™ zeR™

st. Az +Iz=15b (LP.Phase 1)

CEZ',ZjZO, z:1,...,n]:1,...,m

An initial basis for LP.Phase 1is A = 1, An = A with corresponding basic feasible
solutionZy = 0,Zp = flgll} = b > 0. We can therefore run the simplex method on
LP.Phase 1, which will converge to an optimum Z*. & = (Zx &p). There are several
possible outcomes:

é'Eg>0

. Original primal is infeasible.
¢'z=0—-1"2"=0

. The obtained solution is a start point for the original problem (probably with slight
modification).
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Strong duality

There are four possibilities:

Both the primal and the dual are infeasible.
The primal is infeasible and the dual is unbounded.
The primal is unbounded and the dual is infeasible.

Both the primal and the dual are feasible and their optimal values are equal.

Summary

A wide variety of applications could be formulated as the linear programming.

Simplex algorithm is simple, but could work exponentially long.



Khachiyan's ellipsoid method is the first to be proved running at polynomial
complexity for LPs. However, it is usually slower than simplex in real problems.

Interior point methods are the last word in this area. However, good implementations
of simplex-based methods and interior point methods are similar for routine
applications of linear programming.

Code

Materials

Linear Programming. in V. Lempitsky optimization course.
Simplex method. in V. Lempitsky optimization course.
Overview of different LP solvers

TED talks watching optimization

Overview of ellipsoid method

Comprehensive overview of linear programming

Converting LP to a standard form
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B 2007 roay bukcOm mpoBea BIedaTAsIIONIi 9KcnepuMeHT . OH B354 Bce Bepcyu naketa CPLEX, HaunHas c ero
MepBOro 1o- sssaeHus B 1991 roay, u onpo0oBaa ux Ha 00AbIIOM KOAMYeCTBe M3BeCTHBIX IIPaKTMIecKM1X 3ajad
e 109MCA€HHOTO AVHEHOTO IIPOrpaMMMIPOBaHIs . YUeHble COOpaau BHyIIUTeAbHbIe KOAAeKIINM TaKMX
3aaa4 . bukcOm Bp1Opaa u3 Hux 1892, a 3aTeM CpaBHIA CKOPOCTD X pellleHus], OT BepCcui K BepCuu, Ha O4HOM 1
TOM Xe KOMIIbIoTepe .

Oxaszaaocp, 910 3a 15 2eT CKOPOCTh pemeHus ypeanmanaach B 29 000 pas! VinrepecHo, 4TO camoe 60abnIoe
YCKOpeHMe, IIOYTH AeCATUKPaTHOe, IIPOu3011La0 B 1998 roay, mpudeM He cay4aiiHo . /10 9TOro MaTeMaTUKI B
TedeHne 30 aeT paspabaTbiBaay HOBbIe TEOPUM VI METOABI, M3 KOTOPBIX O4Y€Hb Maao ObLA10 BHeAPEeHO B
npakTuky . B 1998 roay B sepcumt CPLEX6 .5 Oblaa nmocTasaeHa 3ajada peaan3oBaTb 110 MaKCHMMyMYy BCe 9TH
uaen . B pesyabTaTe Hamm BO3MOKHOCTY B AMHEVIHOM IIPOIPaMMIPOBaHMI BBIILAN Ha KaueCTBeHHO HOBBIN
YPOBEHb .

IIponecc nmpogoaxkaercst . Gurobi nmosiBuacs B 2009 roay u x 2012-my yckopuacs B 16,2 pasa . A oomuii 9¢p¢exr B
1991- 2012 roaax — B 29000%16,2 = 469800 pa3! IloBTOpMM, YTO TO HIPOMU3ONUIA0 HE3ABUCUMO OT CKOPOCTH
KOMITbIOTEpa, MHBIMU CA0BaM¥, ICKAIOYNUTEAbHO 611aroz1,ap;1 Pa3BUTUIO MaTeMaTUIe€CKNX I/Iﬂ,eﬂ[ .

Ecam Beputsb 3akoHy Mypa, TO 3a 1992-2012 roabl KOMIIbIOTEpPHI yCKOpMANCh IpuMepHO B 8000 pa3 . CpasHuTe €
MOYTHU IIOAY- MIAAMOHHBIM yCKOpeHreM aaroputmos! Iloaydaercss, 9T0 ecay BaM Hy>XKHO pPelInTb 3ajady
AVHEMHOIO IIPpOrpaMMMIPOBAHNSL, TO Ay4Ille MCII0Ab30BaTh CTaphiii KOMIIBIOTEP U COBpeMeHHEIe MeTOABL, YeM
Hao0OpOT, HOBEVIINII KOMIbIOTEP ¥ MeTOAbI Hadaaa 1990-x .

Awutsak H., Patiropoacknii A. - Komy Hy>kHa MaTemaTuka. [IoHsiITHas KHITa O TOM, KaK YyCTpOeH U@ poOBOI
mup - 2017.



Mixed Integer Programming
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Mixed Integer Programming
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