Methods = LP and simplex algorithm

What is LP

Generally speaking, all problems with linear objective and linear equalities\inequalities
constraints could be considered as Linear Programming. However, there are some
widely accepted formulations.

minc
zER" (LP.Basic)

s.t. Az < b

X1

for some vectors ¢ € R™, b € R™ and matrix A € R™*™. Where the inequalities are
interpreted component-wise.

Standard form

This form seems to be the most intuitive and geometric in terms of visualization. Let us
have vectors ¢ € R", b € R™ and matrix A € R™*",

minc' z

zeR?

s.t. Az = b (LP.Standard)

z; >0,1=1,...,n


https://fmin.xyz/docs/methods/Methods/

Canonical form

minc'z
xeR”™
s.t. Az < b (LP.Canonical)
x; >0,1=1, )
Real world problems
Diet problem
Imagine, that you have to construct a diet plan from some set of products: . #= g

@« . Each of the products has its own vector of nutrients. Thus, all the food information
could be processed through the matrix W. Let also assume, that we have the vector of

requirements for each of nutrients r € R". We need to find the cheapest configuration
of the diet, which meets all the requirements:

minc' z
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st. W >r
x; >0,2=1,...,n
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How to retrieve LP



Basic transformations

Inequality to equality by increasing the dimension of the problem by m.

Az +2=0»

AmeH{zZO

unsigned variables to nonnegative variables.

rT=x, —x_
x>y >0
z_ >0

Chebyshev approximation problem

min || Az — b||,, <> minmax |a; z — b;]

zeR"™ zeR?
min ¢
teR,zeR"™
T .
st.a; z—b;,<t,i1=1,...,n

—a?w%—bigt, 1=1,...,n

[, approximation problem

n
min [|[Az — b||; <> min Z la, T — by
r€ER" z€R™ i—1

min 1'¢
teR™ zcR™
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s.t.ai ZU—bz Stza z-l,...,n

—a;x—l—bigti, 1=1,...,n

|dea of simplex algorithm

The Simplex Algorithm walks along the edges of the polytope, at every corner

T

choosing the edge that decreases ¢ ' £ most

This either terminates at a corner, or leads to an unconstrained edge (—oo
optimum)



We will illustrate simplex algorithm for the simple inequality form of LP:

minec'

z€R" (LP.Inequality)
s.t. Ax < b

Definition: a basis B is a subset of n (integer) numbers between 1 and m, so that
rank A g = n. Note, that we can associate submatrix A g and corresponding right-
hand side by with the basis B. Also, we can derive a point of intersection of all these
hyperplanes from basis: g = Agle.

If Azg < b, then basis B is feasible.

A basis B is optimal if x g is an optimum of the LP.Inequality.

\
B =3, 5]
unfeasible basis

Since we have a basis, we can decompose our objective vector ¢ in this basis and find
the scalar coefficients Ap:

ApAp=c' < Ap=cTAg

Main lemma

If all components of A g are non-positive and B is feasible, then B is optimal.

Proof:



dz* : Az* < b,c'z* < c'zp
Apz* < bp
ApApz* > A\pb
BABY = ApUB
c'z* > A\pApzp

c'z*>clzp

Changing basis
Suppose, some of the coefficients of A g are positive. Then we need to go through the
edge of the polytope to the new vertex (i.e., switch the basis)

rp = xp+ pud = AZg}bB’

Finding an initial basic feasible solution

Let us consider LP.Canonical.

minc' x
reR™

s.t. Ar = b

z; >0,2=1,...,n



The proposed algorithm requires an initial basic feasible solution and corresponding
basis. To compute this solution and basis, we start by multiplying by —1 any row ¢ of
Axz = bsuchthat b; < 0. This ensures that b > 0. We then introduce artificial
variables z € R™ and consider the following LP:

min 17z
x€R™ zeR™

st. Ar +Iz=1"» (LP.Phase 1)

zi,2;20,1=1,...,n3=1,...,m

which can be written in canonical form min{é' z | Az = b, & > 0} by setting

:H A=[AI], b=, 5:[0”’]

z 1,,

An initial basis for LP.Phase 1is A = 1, An = A with corresponding basic feasible
solutionzy = 0,Zp = fl;f) —= b > 0. We can therefore run the simplex method on
LP.Phase 1, which will converge to an optimum *. & = (:Y:N j’;B). There are several
possible outcomes:

. Original primal is infeasible.
'i=0—-1"2"=0

. The obtained solution is a start point for the original problem (probably with slight
modification).

Convergence

Klee Minty example

In the following problem simplex algorithm needs to check 2™ — 1 vertexes with
g — 0.


https://en.wikipedia.org/wiki/Klee%E2%80%93Minty_cube
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Strong duality

There are four possibilities:

Both the primal and the dual are infeasible.
The primal is infeasible and the dual is unbounded.
The primal is unbounded and the dual is infeasible.

Both the primal and the dual are feasible and their optimal values are equal.

Summary

A wide variety of applications could be formulated as the linear programming.

Simplex algorithm is simple, but could work exponentially long.


https://fmin.xyz/

Khachiyan's ellipsoid method is the first to be proved running at polynomial
complexity for LPs. However, it is usually slower than simplex in real problems.

Interior point methods are the last word in this area. However, good implementations
of simplex-based methods and interior point methods are similar for routine
applications of linear programming.

Code

Materials

Linear Programming. in V. Lempitsky optimization course.
Simplex method. in V. Lempitsky optimization course.
Overview of different LP solvers

TED talks watching optimization

Overview of ellipsoid method

Comprehensive overview of linear programming

Converting LP to a standard form


https://colab.research.google.com/github/MerkulovDaniil/optim/blob/master/assets/Notebooks/LP.ipynb
https://yadi.sk/i/uhmarI88kCRfw
https://yadi.sk/i/lzCxOVbnkFfZc
https://medium.com/opex-analytics/optimization-modeling-in-python-pulp-gurobi-and-cplex-83a62129807a
https://www.analyticsvidhya.com/blog/2017/10/linear-optimization-in-python/
https://www.stat.cmu.edu/~ryantibs/convexopt-F13/scribes/lec15.pdf
http://www.mit.edu/~kircher/lp.pdf
https://sites.math.washington.edu/~burke/crs/407/lectures/L4-lp_standard_form.pdf

XKeaeso vs Codprt

B 2007 roay bukcOm mpoBea BedaTAsIONii sKcnepuMeHT . OH B354 Bce Bepcym naketa CPLEX, Haunmas c ero
MepBOro 1o- sssaeHus B 1991 roay, u onpo0oBaa ux Ha 00AbIIOM KOAMYeCTBe M3BeCTHBIX IIPaKTMIecKuX 3ajad
e 109MCA€HHOTO AMHEHOTO IIPOrpaMMMPOBaHIs . YUeHble COOpaau BHyIIUTeAbHbIe KOAAeKLINM TaKIX
3aaa4 . bukcom Bp1Opaa u3 Hux 1892, a 3aTeM CpaBHIMA CKOPOCTD UX pellleHus], OT BepCcui K BepCuu, Ha O4HOM 1
TOM Xe KOMIIbIoTepe .

Oxaszaaocp, 910 3a 15 2eT CKOPOCTh pemeHus ypeanmanaach B 29 000 pas! VinrepecHo, 4TO camoe 60abnIIoe
YCKOpeHMe, IIOYTH AeCATUKPaTHOe, IIPOU30I1La0 B 1998 roay, mpudeM He cay4aiiHo . /10 9TOro MaTeMaTUKI B
TedeHne 30 a2eT paspabaTbiBaay HOBbIe TEOPUM VI METOABI, M3 KOTOPBIX O4Y€Hb Maao ObL10 BHeAPeHO B
npakTuky . B 1998 roay B sepcut CPLEX6 .5 Oblaa nmocTasaeHa 3ajada peaan3oBaTb 110 MaKCHMMyMYy BCe 9TH
uaen . B pesyabTaTe Hamm BO3MOKHOCTY B AMHEVIHOM IIPOIPaMMIPOBaHNI BBIILAN Ha KaueCTBeHHO HOBBIN
YPOBEHb .

IIponecc mpogoaxkaercst . Gurobi nmosieuacs B 2009 roay u x 2012-my yckopuacs B 16,2 pasa . A oomuii 9¢p¢exr B
1991- 2012 roaax — B 29000%16,2 = 469800 pa3! IloBTOpMM, YTO TO HIPOMU3OUIA0 HE3ABUCUMO OT CKOPOCTH
KOMITbIOTEpa, MHBIMU CA0BaM¥, ICKAIOYNUTEAbHO 611ar04ap51 Pa3BUTUIO MaTeMaTUI€CKNX I/Iﬂ,eﬁl .

Ecam Beputsb 3akoHy Mypa, TO 3a 1992-2012 roabl KOMIIbIOTEpPHI yCKOpMANCh npuMepHO B 8000 pa3 . CpasHuTe €
MOYTHU IIOAY- MIAAMOHHBIM yCKOpeHreM aaroputmos! Iloay4daercss, 9T0 ecay BaM Hy>XKHO pPelInTb 3ajady
AVHENMHOIO IIPOrpaMMMIPOBAHNSL, TO Ay4Ille MCII0Ab30BaTh CTaphiii KOMIIBIOTEP M COBpeMeHHBIe MeTOABL, YeM
Hao0OpOT, HOBEVIINII KOMIbIOTEP ¥ MeTOAbI Hadaaa 1990-x .

Awutsak H., Patiropoackmnii A. - Komy Hy>kHa MaTemaTuka. [IoHsITHas KHITa O TOM, KaK YCTpOeH U poBOI
mump - 2017.
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В 2007 году Биксби провел впечатляющий эксперимент . Он взял все версии пакета CPLEX, начиная с его первого по- явления в 1991 году, и опробовал их на большом количестве известных практических задач целочисленного линейного программирования . Ученые собрали внушительные коллекции таких задач . Биксби выбрал из них 1892, а затем сравнил скорость их решения, от версии к версии, на одном и том же компьютере .

Оказалось, что за 15 лет скорость решения увеличилась в 29 000 раз! Интересно, что самое большое ускорение, почти десятикратное, произошло в 1998 году, причем не случайно . До этого математики в течение 30 лет разрабатывали новые теории и методы, из которых очень мало было внедрено в практику . В 1998 году в версии CPLEX6 .5 была поставлена задача реализовать по максимуму все эти идеи . В результате наши возможности в линейном программировании вышли на качественно новый уровень .

Процесс продолжается . Gurobi появился в 2009 году и к 2012-му ускорился в 16,2 раза . А общий эффект в 1991– 2012 годах — в 29000×16,2 = 469800 раз! Повторим, что это произошло независимо от скорости компьютера, иными словами, исключительно благодаря развитию математических идей .

Если верить закону Мура, то за 1992–2012 годы компьютеры ускорились примерно в 8000 раз . Сравните с почти полу- миллионным ускорением алгоритмов! Получается, что если вам нужно решить задачу линейного программирования, то лучше использовать старый компьютер и современные методы, чем наоборот, новейший компьютер и методы начала 1990-х .

Литвак Н., Райгородский А. - Кому нужна математика. Понятная книга о том, как устроен цифровой мир - 2017.
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Mixed Integer Programming

Running time to optimality (CPLEX)
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